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SUMMARY

A general solution of the equilibrium equations is obtained for a half-space with a stress-free boundary and
arbitrary but axisymmetric distribution of body-forces and body-couples in the interior of the half-space.
Few particular cases have been investigated in detail. The stresses, displacements and rotation have been
obtained at the boundary of the half-space. Numerical results have been displayed graphically to illustrate
the micropolar effects.

1. Introduction

The asymmetric theory of elasticity initiated by Voigt [1] in 1887 and further developed by
E. Cosserat and F. Cosserat [2] in 1909 has gained a renewed momentum during the recent
years. The linear micropolar theory has been given by Kuvchinski and Aero [3], Palmov [4]
and Eringen and Suhubi [5].

The axisymmetric Lamb’s problem in a semi-infinite micropolar elastic solid has been
solved recently by Nowacki [6]. Puri [7] and Dhaliwal [8] have obtained solutions respec-
tively for stress concentration and thermoelastic problems for a semi-infinite micropolar
elastic solid. The solution to the axisymmetric Boussinesq problem has been obtained by
Dhaliwal [9] recently.

In this paper we have considered the boundary z = 0 of the half-space z = 0 to be
stress-free. The case when the boundary of the half-space is fixed has been considered by
the authors [10] separately. In an elastic half-space a general solution of the equations of
equilibrium (¢), expressed in cylindrical coordinates, has been derived for an arbitrary
distribution of axially-symmetric body-forces and body-couples. The method employs the
technique of integral transforms. By demanding that the Laplace transforms of displace-
ments and rotation have no singularities in the right-half plane of the transform variable,
we have obtained four linear algebraic equations involving three Hankel-transformed
components of displacements and rotation. Only three of these equations are independent
thus showing the independence of the displacement and the rotation fields, as expected.
The following four cases have been considered in detail: (i) conservative body-forces
(ii) body-couple as the curl of a vector function (iii) concentrated body-force (iv) con-
centrated body-couple.

The corresponding classical results have been obtained by letting the micropolar constant
o tend to zero. The stresses, couple-stresses, displacements and rotation, have been obtained
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at the boundary z = 0 of the micropolar half-space. Numerical results for the stresses,
displacements and rotation have been displayed graphically.

2. General solution of the basic equations

We consider the system of cylindrical coordinates r, ¢, z and assume the axial-symmetry.
Hence, we shall be concerned with the following components of the vectors:

u = (4,0, ), w=(0, Wos 0, X=(X,,0,X,), Y=(0, ng 0),

where # denotes the macro-displacement vector, w is the micro-rotation vector and the
body-force vector and the body-couple vector are respectively given by X and Y.

As shown by Nowacki [6] the equations of equilibrium of asymmetric elasticity can be
decomposed into two mutually independent sets of equations in the case of axisymmetry.
In what follows, we shall be concerned with the set of equations:

1 e ow
V- — ? =0,
o+ a)( rl) . o p ,

Oe 1 0
w+o)Vou, + (A + p— @) — + 20-— —(rw,) + pX, = 0, )
or r or

1 ou,  ou,
(y+s)(V2—F>w¢—4aw¢+2a< n u)+JY4,=O,

o0z or

in which 4, u, a, 7, € are the elastic constants of the micropolar material, p is the density,
J is the rotational inertia, and
Ou, 92 1 8 &

V2=—- _— T A e 2
6r2+r (3r+622 @

e=— —(ry

r or (
Corresponding to the displacement vector u = (u,, 0,#,) and to the rotation vector
w = (0, w,, 0), the components of the stress tensors are given by

ou, wu, Ou,

or’ ’ oz

ou,

P T 20w,
W awq, Wo
r) r )

( l'l" (p¢’ GZZ)(r’ Z) = 2/“’( ) + }'(e’ e’ e))

+l

(0125 0.1, 2) = /J(—————

l+

(.ur(pa .u(pr)(r Z) = y(

€)

(”(pz’ .uzq;)(r: Z) =

Let (8, Wo, Xrs ¥,y Gy op)(E,2) and (@, X, 6,,)(E,z) denote the Hankel-transforms
respectively of order 1 and 0 of the corresponding components (u,, Wy, X, Yy, Opp, 1,,)(T, 2)
and (u,, X,, 0,,)(r, z). We assume that all stresses, displacements and rotations vanish at
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infinity. So, Hankel-transformation of the equations (3) yields
¢:2(¢ 2) = (A + 2u)Dit, + ALH,
(Grz> Gae(&5 2) = (U F 0)Dif, — (1 £ 0)Cil; + 208,
(ges )& 2) = (7 F YD, @

where operator D is given by D = d/dz. If we define the Laplace-transform of the function
S, z) as J(&, p), use the notation

ar
<—£) =f(ﬂ)’ h= 05 15
dzn z=0

and take the Hankel and Laplace-transform of the system of equations (1), we obtain the
algebraic system of equations:

[(x + Wp® — (A + 2)E*N0, — (A + 1 — W)épll, — 20pW, = A, p),
A+ p — a)éph, + [(A + 2)p* — (1 + )&, + 20EW, = B(E, p),
2upii, + 208, + [(y + e)(p* — &%) — 4a]W, = C(, p), (5)

where we have assumed that the displacements and rotation vanish at infinity and the
right-hand sides of these equations are given by

A p) = (@ + )@ + ) — O+ 1 — )Y = 200" — pX,,
B p) = G+ 1 = )&l + (L + 20@Y + pil”) ~ pX,,
C& p) = 22" + (3 + )W + pwl) — I T, (6)

Solving the system of equations (5), we obtain the transformed components of the dis-
placement and rotation vectors:

(’1 + 2#)(” + “)(’}’ + 8)(ﬁrs ﬁza th)(é’ p) = (D17 DZ, D3)/Da (7)
where Dy, D,, D; and D are given by

D& p) = &(p*, £H4 + ¥(p, OB + O(p, O)C,
Dy(¢,p) = —¥(p, )4 + &(-&, —p*)B - O(=¢, —p)C,
D3(&.p) = (A + 20" — &Ik + W)(Pp* = E3C ~ 2a(p4 + ¢B)], ®)
D, p) = (p* = E’(p* - 19,
in which the functions &, ¥ and © are expressed as

(%, &) = (7 + (A + 2mp* — A+ 3p — Op?E? + (1 + 0)E*] + dapé® — da(l + 2u)p?,

P(p, &) = pel(h + p — By + &)(p* — &%) — da(A + )],

O(p, &) = 2a(A + 2)(p* — £*)p, ®)
with { and m? defined as

4o

_ S22 2 _
C=VEtut, m (+oa)y+e)

(10)
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194 S. M. Khan and R. S. Dhaliwal

The points of singularities in (7) are a single pole at p = +(, and a double pole at
p = + & By demanding that the Laplace transforms of displacement and rotation com-
ponents have no singularities in the right half-plane of the transform variable p, we obtain
the following nine conditions:

oD;

Djl ey = Dyl s = 6p1 €=0, i=123, (11)
=

which yields only the following four distinct relations:
Al + Bl = 0,
04
A41(ODA; + 42(OB; + 2a(h + 2w)EC; — 204 + p)é o +1l=) [=06
1 1

04 0B
—4x(A; — 43(O)B;y — 20(A + 2w)ECy + 2L + )¢ [(—) + <~—> ]= 0, (12
p /1 p /1
kZ(CAz + ¢By) — m2C2 =0,
in which we have used the following notations:
(41, By, Cy) = (4, B, C)p=§,
(A25 B25 C2) = (Aa B, C)p=;,

04 04 ) oX,
()= (5)merom =[5,
()~ ()=o),
op p=¢ » /1
7(0) 8?(0
()= (&) cmovom—(3)
7 0%\ [af, 0%, oX, of,
, = , ; ; (13)
<( op )1 ( op >1 < op >1> ( op ap op >p=§

and 4,, 4,, A5 are given by
41 = A+ p— o)y + & — da(d + 2p),
4, = A+ p— o)y + &) — 20(2 + ), (14)
4308 = O+ p— o)y + & + dap.

The micropolar constant o is contained in k* which is defined as

20

k* = .
u+a

The system of equations (12) is linearly dependent as the sum of the second and the third
equation yields the first equation. However, its solution depends on the prescribed con-
ditions at the boundary z = 0 of the half-space z =z 0. In this paper we shall consider
the case of a free boundary.
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3. General solution for stress-free boundary

Since the boundary z = 0 is stress-free, we have
0.0 =0, 0,0 =0, p,(r,0=0. (13)
Using these boundary conditions in the relations (4) given earlier, we obtain
(4 + 2wF(E, 0) = —AEH°,
(1 + 0F(E, 0) = (u — R)éd” + 20w, (16)
wo(E, 0) = 0.
The last equation implies that the couple-stress components p,, and p,, vanish identically
at the boundary.

Using these relations in (6) and the utilizing (12), we obtain the following system of
equations:

#” +#” = M,,

1
(UR — aF )i® + (uR — aF )i” + 2apl®( + 2u)EwS) = EMZ,

[UR — a(Ay — p? — do — po)}i® + [uR + a(A? + 4u® + 3p)[?
1
+ 20ul*(A + 2u)EWS = EM’;
1

a4 + (Ea® — (WD = EMs, (17

in which the quantities involved are given by

R=2ul*A+pu— o) Fy=3u+5u% —a(d+p), F =+ 2w — «)
Y + &

2u

Ml = p[(Xr)l + (Xz)lla lz
J
My =BG, + £ ~ 5 (%),
= = = a4 OB
M, = LA Ry + 4,(R),] + 20 {(A + 200y + 0+ ) ((—) + (—> )}
ap /1 ap /4

= = = 04 0B
M3 = pldx(X,); + A3(X)1] + 20¢ {(/1 +20)J(¥p): + (4 + ﬂ)((g) + (5) )}
1 1
(18)
We find that the above system of equations (17) is linearly dependent as the difference of
the second and the third equations yields the first equation. Hence, the system to be solved

for #”, #® and '’ may consist of the first, second and the fourth equation whose solution

will give us
Ms(&)
Y’

M)

MO M)
G

~(0) —
i (¢, 0) 7

(¢, 0) =

WOUE, 0) = (19)
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in which M,, M5, Ms, M, and Y are given by

M, ©) = [(2/1 + 3wl - %(l +p =P - G+ 2#)1263]

M, (M,
T o

_ 2(A M,
M) = i[{iizﬂ & -0+ 2u)} M, - l] — (A + 2WI*EM,,
4 m 200

+ (0 + 2m)12EMs,

My(@©) = [(2/1 + 3p) — —g—(i +u—P - -+ 2ﬂ)5]

M

2
200

xM;+ (-0 — (A + WM,

_ oX ox
M, = plAy(X,)y + Ay(X.)y] + 202000 + 20I(Y,)1 — (i + ihp (( ap’) ; < X ) )
1 1

e = 2u? 1
&= (1 — 2v)"26’ (20)

where A(£) is given by

1
(+20 =P -8
M, and M, involved in these expressions are the same as given earlier in (18). So, the dis-

placement and rotation components at the stress-free boundary, given by (19), can be
rewriften as:

4@ =

1 —2v _ -
w(r,0) = — o HolMuOA(@); £ 1),
1"
uy(r, 0) = 2; = o My®AQ); & -7, 1)
1 —

2 _ _
Wl 0) =~ 2 L H M y©©®); &1,

in which the integral operator H, is defined as
H,[f(&); &~ 7] =j EAE(Ende, n=0,1. (22)
0

Use of (21) in the stress-strain relations (3), yields the following non-vanishing stress
components at the stress-free boundary.

1—201©\{* . . & 1
o,,(r,0) =< p )f €Ms(€)A(€)[ - Jo(ér) — " J1(5r)] d¢,

1—2v
u

ool 0) = ( )J‘ 5M5(5)Z(5) [TX_T &JoCn) + %h(ér)] dac,
0
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197
5 1—-2v\ (" - _
6,.(r, 0) = 2uk®| w,(r, 0) — 20 EEM (O AT (Ende |,
0]
w0y =2u2( L~ 722 1N 60 23)
reN or ul* r) "7

0 ul? 1
ﬂ(pr(r: 0) _ (y - 8) (E - v —¢ 7)w(p(rs 0),

Hzg(rs 0) = i, (r, 0) = 0.

Equations (21) and (23) give the general solution to the problem of stress-free boundary.
To derive the classical part from the general micropolar solution, we note that in the
limiting case (i.e., @ — 0) the expressions for M,, M5, Mg and 4 given by (20) become:
— ~ ~ a
Lim [My(O)] = —ppX,(§, &) + (4 + 2wpX.(, &) — (2 + wip P
a0
x [X,(& 0 + X&),
- = = 0
Lim [M ()] = (A + 2wpX (S, &) — upX.(&, &) + (4 + p)ép £
a0

x [X,(& O + XL ),

- 1 —
Lim [4(3)] = % Lirg Mg(D)] =0

a0

(24)

Hence, we obtain the general solution for the corresponding classical theory problem:

us(r, 0) = — %f [(1 — 2%, 0 — 21 - )R O
0
6 ~ ~
+ig R0+ R é)}] Jo(ENdE,
us(r, 0) = ‘zf,:‘ f [2( ~ WX, 8 — (1 - 2K &)
0

6 ~ T~
+ 65 {X.(& 8 + X.(¢& 6)}:|J (¢ryde,
we(r,0) =0,

o5 (r, 0) = pJ

0

o0

= = 0 = =
[2(1 - X0 - (1 - XG0 + 50,—9 {X,(& O + X6, 6)}]

1
X [1 : Jo(ér) + — J1(ér):| dc,
-V r

5 ~ 6 = =
oot 0) = PJ [2(1 = VXD - (1 - 2X,(E O +€E {X,(& 9 + X, 5)}]
0

1
X [( ! >€Jo(€r) +— Jl(z:r)]dc,
1 —v r

0o(r,0) = 0.

25)
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198 S. M. Khan and R. S. Dhaliwal

We note the symmetry of the force-stress tensor and vanishing of the rotation and couple-
stress components in the classical theory of elasticity.

4. Particular cases

We consider the following particular cases of the body-force and the body-couple.

Case (i) Conservative body-force, Case (ii) Body-couple as the curl of a vector function,
Case (1ii)) Concentrated body-force, Case (iv) Concentrated body-couple.

The case where both the body-forces and the body-couples are prescribed can be obtained
by superposing the corresponding expressions for the body-forces and the body-couples
cases.

Case (i) Conservative body-force
Let us assume that there exists a scalar function @'(r, z) such that the components, X, and
X,, of the body-force X are given by

(X,.0,X) = (— 20, - ‘W) )
or 0z
such that
&'(r,0) = 0.
Of course, in this case, we have
Y, (r,z) =0.
Hankel-transformation of (26) followed by its Laplace-transformation will yield
&= K= —pSol p). @7

where @, denotes the zero-order Hankel-transform of the function @’. Hence, from (18)
and (20), we get

M) = —My(©) = —2uplBy(& 8, Mo(©) = —2up&(l — OFy(&, &).

So that at the stress-free boundary, we have

— 2 R _
u(r, 0) = —(1 - V)pf (eBiE, OB o(Er e,
0
]. — 2V ® = —
ur, 0) =( - >pf (eBue, OBV (EN
0
]. —-— 2V @ = _
wo(r, 0) = —( ; )pj (= OByE, OIE @),
0
© 2 _ 1
o1, 0) = 2(1 — 2)p J LBy, f)A(ﬁ)[l G 7J1(€r)]d¢f,
0 -
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- _ 1
Goolr, 0) = 2(1 — 2v)pf Ledi(E, A [(—ll—v) JolEr) +— Jl(ér)}df,
) -

a,,(r, 0) = 2p(1 — 2v)k? J B8y, HAE)T (Erde, (28)
(0]
and the couple-stress components ,,, i1, are the same as given in (23),
Case (ii) Body-couple as the curl of a vector function

Let us assume that the body-couple Y(r, z) is the curl of a vector function ¥(r,z) =
= (¥,,0, ¥,) so that

v, oY,
Y, = — ,
0z or
and
Y(r,0)= ¥,(r,0)=0. 29)

Also, we have the body-forces vanishing throughout the medium. In this case, we obtain

7.6 p) = pB& p) + EPLE D), (30)

where ¥, and ¥, respectively are the first order and zero order Hankel-transforms of ¥,
and 7,.
Now from (18) and (20), we find that for this case M,, M 5 and M are given by:

<

o= =Ms=(h+2u)JE [%(5, ) + V& 0 — (& ) — % 7., C)]

A+

Mg = (b + 20)JEC — OWE O + U.(E, O] — 2’“‘ JIG(E D + &0 D1 (3D

The expressions for the displacements, rotation and the required components of stresses
and couple-stresses at the boundary z = O are then furnished by (21) and (23) by uti-
lizing (31).

Case (iii) Concentrated force
Let us assume that the body-force X = (X,, 0, X,) is concentrated at a point (0, 0, A),
h > 0, and acts in the direction (0, 0, —1). Let its magnitude be P, so that we have

X,=X,=0, ¥,=Y,=0, (32)

and
5 Pé(r)o(z — k)

X =
Pz 27y

where 6 denotes the Dirac delta function.
This implies that

= P
sz(é: P) = - 'E € phs h>0. (33)
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Now from (32), (33), (18) and (20), we obtain

M =— ( 1 _"2V>EP;{[2(1 -v) +€h]%e-€h — 201 — W~ ~ e-;h)},
M) =(—" )i (1—2v+ 5h)£e*~f" + 2(1 — W)IPE(Ee — Lo
5 1—-2v) 2% ¢ ’
_ P
My(6) = —(1 - zv)'i;;{m =) + EHIE — e + & — e ). (33

In this case, the displacements, rotation and stresses at the stress-free boundary then
become:

u,(r,0) = Z%J‘ {(1 = 2v + ER)Le ™ + 201 — W)I2E¥ (e — (e~ MY A(E)T (Er) dE,

0

uy(r, 0) = — ‘;%Jw {1201 — v) + Chle ™ — 2(1 — 23 E™™ — e™M}A)o(Er) &2,
0

ol 0) = —P—r (21 = ) + ERI(L — Do~ + &= — e~} EAQ)T (Er)de
[ AN 47'6[1 0 1 s

0, (r,0) = %;-Jm [(1 = 2v + EMLe ™% + 2(1 — WIPEX(Ee ™™ — Le™)]
4]

x [( - )Jo(cr) 2 Jl(cr)] AQ,
— ¥V r
Cpo(r, 0) = _21_;_J‘°° [(1 = 2v + ERe™ 4+ 2(1 — WI2E:(Ee ™ — Le™¥)]
0

X [(——”——) EIo(E) + — Jl(cr)] AQd,
1—v ¥

0,,(r, 0) = 2uk? {w,,,(r, 0) + Z%IJOO [(2 —2v + ER)Ce ™ — 2(1 — WI2E3 (e~ — e~ )]
0

CZ(f)Jl(fr)df},
G, ?— & 1
ll'r(a(r’ 0) = 211'12 (E‘- - W 7) w(a(r’ 0),
o o’ 1
Hor(1), 0 = (y — ) (-é— - '“‘) We(r, 0). €D
r y—¢& r

Now we will consider some limiting cases:

(a) When % — 0; i.e., when the concentrated force is applied at the origin r = z = 0,
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we find
. P (= _
u(r,0) = e {201 = v)E4(C) — D} (Er)de,
TH Jo

uy(r, 0) = — yj LA()J o(Er)de,
T 0

1 — ® _
w3(r, 0) = — y j L — OAE), (&) de,
TH 0

4 1
Jo(6r) ——J 1(5?)}615,
—v r

P [ -
o2 0) = 5| 20 = a0 - 1
0

1
Y o) + — Jl(ér)}dé,

0441 0) = %J {20~ WLaE) - 1}{ 1

oo(r, 0) = 2ur? {wg(r, 0) + yﬁ” LEAE) 1(ér)dé},
i 0

0 y—e¢ 1
uf)d,(r, 0) = 2[1,[2 (E - 7[;[—2*' —r—) Wg(r, 0),
ﬂ¢r(ra O) 2 12 ﬂr(i)(r’ 0) (35)

(b) When r - 0; we find that the only non-vanishing quantities at the boundary z = 0,
are given by

u;(0, 0) = 4%'[00 {201 = v) + Ehlie ™ — 2(1 = WP — ™} &,

6,,(0,0) = 6440, 0)

= i; i i: f {(1 —2v + EMLe™ + 2(1 — WI2EX(Ee ™™ — e~ MY A(E)dE.
(36)
(¢) Whenr — 0, 2 — 0; we find that
20,0) = - i(i_—v)r LA de,
g o
1+
(0, 0) = 634(0,0) = J {2(1 — v){A(©) — 1}¢4E, 37

and all other quantities vanish at the boundary face z = 0.

(d) When 4 — co; all the displacements, rotations and stresses vanish at the face z = 0.
This is to be expected, since we are assuming these quantities to vanish at an infinite
distance from the plane z = 0 when the force is applied at a finite distance from this
face. When the force is applied at an infinite distance from the face z = 0, then all
the quantities must vanish at this face.
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Case (iv) Concentrated couple
We assume that the body-couples acting in the interior of the half-space z = 0 are equiva-
lent to a single couple concentrated at a point (0, 0, #), & > 0, whose moment, (0, M, 0),
is such as to keep all points lying on any given meridian plane before deformation on the
same plane after deformation.

So, we have

X, (r,2)=X,(r,z) =0,

and
Mé'(r)o(z — h)

JY, (r,2) = T

h>0, (38)

where 6'(r) is the derivative of the Dirac delta function J(r) defined as

5 _ -
5() = lim (r+e —6(r—e ’
£-0 28

provided such a limit exists.
Hence, as before, we get

= = = M'f -

X’EXZEO’ Jan('fsp)=_(4n_>e p’

= _ 1—v\ M

My = —Ms(0) = 2ﬂ<1 — ;v)—é (Ee™ — [e™%H),

_ M

M) = - ( i _ltzv)Tn—;;— 201 — WIEL — &e™™ + e, (39)

which, when used in the general solution given by (21) and (23), yield the following de-
mation and stress field at the stress-free boundary:

M * -
u(r, 0) = — e I - V)j E(e™ — Ee™M A o(En e,
0

M * -
u,(r, 0) = e (1 - V)J (e — Le™MAGT(E)dE,
0

M

wy(r,0) = — Sl

Jw ER(1 — WL ~ & + ™A (Er)de,
0

@ 1— -
(7, 0) = -f;f P(e — teth) [éJo(ér) - (%) Jlafr)] AQde,
0

1—v

Tgu(r 0) = i\l—nj E (e — L™ [VéJo(ffr) + < )Jl(ﬁr)] A©) L,
0

-
M [ _ P
0,(r, 0) = 2uk” I:W«p(r, 0) + (1 —w) WJ (e ™ — Le Ch)A(é)Jl(ér)dé]’
0
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0 y—¢ 1

:urw(rs 0) = 2:ulz (5 - _2;;12_7> wq,(r, 0)9

o 2u* 1
;%mm=w—®(5—y_s;jmmm

Hox(Ts 0) = p1(r, 0) = 0. (40)
In this case also we will consider the following limiting cases:

(@) When £ — 0; we find

M © -
uy(r, 0) = — W(l - V)J &~ HAOTo(Cr) e,

M ® -
u(r, 0) = E(l = V)J 8 = HAI (End,
0

M

0
s 0 = -
¥4, 0) 8mul?

J E1 + 2(1 = I — OIAOT (G e,
0

1—v =
. J 1(5?)] A(§)d¢,

0 . M [ 207 .
a,,(r, 0) - 2 J é (C f) |:£J0(ér)
T Jo

M (” 1 — -
Gy, 0) = EJ e¢-9 [VfJo(fr) +— ’ Jl(fr):| A(Q)d¢,
0
0 2 0 M ® 3 A
0r(r, 0) = 2uk [w,p(r, 0) + 4—7“;(1 - V)[ (SRS I(9Y 1(5r)d£:|, (41)

and ply(r, 0) and pg,(r, 0) are given in terms of wg by equations (35), where wj is given
above.

(b) When r » 0; we find

M "o _
%&®=—Eaﬂ—wjéﬂfﬁ-&ﬂM@%,
0

M * -
(0, 0) = 0440, 0) = - — (1 + V)f E(le™™ — Le™MA(E)4E, (42)

while all other quantities vanish at z = 0.

(¢) Whenr— 0, 2 - 0; we find

M * -
uz(0,0) = — e (I— V)f E( - HAQ),
0

v
= w0, 0), (43)

0 0 1
0,,(0,0) = 044(0,0) = — 1
and all other quantities are zero.
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5. Numerical results and general cornments

The integrals occurring in this paper are difficult to evaluate analytically. Instead, we
approximate them numerically.
These integrals, in general, are of the form

0

y= on e "f(x)dx.

To compute this integral, Gaussian-Laguerre quadrature formulas are used to get the
approximations:

Va= 2 AP f)™, n=2,3,...,
k=1

which are exact whenever f(x) is a polynomial upto the degree 2n — 1. As pointed out by
Krylov [11] the nodes x{® are the roots of the Laguerre polynomials L,(x) of degree .
Values of the nodes x; and the coefficients 4, for n = 1(1)16(4)32 are listed in the above-
mentioned reference. In our computations, we have taken n to be 24 or 32.

Numerical computations has been done for values of r lying between 0 and 3, with the
elastic constants v and /* given by v = 0.25 and /*> = 1. To make a comparative study,
we let the micropolar constant « to vary between zero and infinity, and then observe the
variation of the stress and the displacement fields with «. Since k2 is given by k% = 20/(u + o),

------- Classicol
Micropolar

~amfly,(r,0)

-zmup'l% ,0)
3
=
T

[ 1

0 02 04 06 08 I0

2 14 15 1B 20 22 24 26 28

Figure 1. Variation of the normal displacement with » and k2 on the stress-free boundary of the half-space
under the action of concentrated force for » = 0.25, /2 = 1 and & = 1.

Figure 2. Variation of the rotational component wy with » and k? at the stress-free boundary of the half-
space under the action of concentrated force for v = 0.25,/2 =1 and 2 = 1.
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Figure 3. Variation of the normal displacement with r and k* at the stress-free boundary of the half-space
under the action of concentrated couple for v = 0, /2 =1 and & = 1.
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Figure 4. Variation of the rotational compouent we with r and k? at the stress-free boundary of the half-
space under the action of concentrated couple for ¥ = 0.25, /2 = 1 and h = 1.

we find that the interval 0 £ « £ o for « is reduced to the interval 0 £ k% < 2 for k2.
So, we consider the values of k% given by 0, .1, .2, .4, .5, 1, 1.5 and 2. This includes the
special case of the classical theory of elasticity given by « — 0 (i.e., k* = 0).

Figs. 1-4 show the variation of the normal displacement and the rotation on the stress-
free boundary of the half-space which is under the action of concentrated force and con-
centrated couple, considered separately, at the point (0,0, 1) of the micropolar semi-
infinite medium.

In general, we observe a marked difference between the classical and micropolar solutions
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for small values of r. It is interesting to note that this difference becomes significantly larger
in absolute values with the increasing values of the micropolar constant « (Fig. 1). We also
observe that the rotation is smaller in magnitude than the normal displacement. We find
that the displacements converge to zero more rapidly than those observed in the case of
the rotational component; and note a distinct behaviour of these quantities for the maxi-
mum value of the micropolar constant « as demonstrated by k% = 2 in these graphs. We
note the contrasting behavior of displacements and rotation which, when considered
separately for concentrated force and concentrated couple, show opposite trend in its values
obtained for increasing micropolar constant «. We find that the normal displacement
decreases in magnitude with o in the case of concentrated force while it increases in magni-
tude with « in the case of concentrated couple. The rotation components behave exactly
in the opposite way.
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